Scattering of spin 1/2 particles by the 2 + 1 dimensional noncommutative 
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In this work we study modifications in the Aharonov-Bohm effect for relativistic spin 1/2 
particies due to tlic noncommutativity of spacetimc in 2 + 1 dimensions. The noncommu- 
tativity gives rise to a correction to the Aharonov-Bohm potential which is highly singular 
, at the origin, producing divergences in a perturbative expansion around the usual solution 

. of the free Dirac equation. This problem is surmounted by using a perturbative expansion 

(N 

^ ' this setting, the scattering amplitude and the corrections to the differential and total cross 



around the exact solution of the commutative Aharonov-Bohm problem. We calculate, in 
this setting, the scattering amplitude and the correctii 
sections for a spin 1/2 particle, in the small-flux limit. 



The idea of the noncommutativity of spacetime became quite popular in the last years as a pro- 

ll] or, alternatively, 



posal for a more fundamental description of the spacetime at the Planck scale 

Oh; 

D I as a particular limit of a quantum gravity theory [2] . A great deal of literature have been devoted 



to the exploration of the consequences of this noncommutativity in several field theoretical and 
quantum mechanical models (we refer to the reviews in [3|, |J] for an extensive list of references) . 
On a more general perspective, one faces the noncommutativity as a particular sort of deformation, 
involving nonlocal interactions of a very specific nature, that can lead to peculiar effects. From this 



OO ' viewpoint, it is interesting to examine the behavior of different models when they are supposed to 

o : 

. live in a noncommutative spacetime. 



In the so-called canonical noncommutativity, spacetime coordinates are supposed to satisfy 



H' [q,i,qiy] =idt,u , (1) 



where Ofj^iy is a constant anti-symmetric matrix of dimension length squared. Instead of dealing with 
quantum operators ^{q^) one can work with functions of the commutative variables endowed 
with the noncommutative Moyal-Groenewold product (see [4:], for example), 

4>i (x) * (t)2 {x) = lim e 2 ayt^ 01 (y)02 {x) . (2) 
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Such a non-commutative algebra defines a quantum field theory by means of functional integration, 
which leads to a perturbative scheme very similar to the usual (commutative) one. Several interest- 
ing effects of the underlying noncommutativity of spacetime have been explored this way, such as 
the ultraviolet/infrared (UV/IR) mixin g [5i] . E xcep t for some 



or in some alternative formulations 



Id, 



. Hjxcept tor 

3, HQ, 



the presence of UV/IR mixing ruins most 
of the usual perturbative schemes. Others prominent features of this approach to the noncom- 
mutative spacetime is the violation of unitarity and causality when 9ni ^ (see 15[), as well as 



23|, 



24 



25l |. The effects of 



strong restrictions on gauge groups and couplings in gauge theories 

the spacetime noncommutativity has also been studied in the context of non-relativistic quantum 



mechanics, see f.e. 



26 



23, 



V it y 



In this work, we examine the effects of the noncommutativity of spacetime in the scattering of 



spin 1/2 particles from an Aharonov-Bohm (AB) potential. The AB effect [3]|, one of the most 
interesting problems of planar quantum dynamics, is related to the scattering of charged particles 
by an impenetrable solenoid of small radius. In the noncommutative situation the AB effect has 
been studied in the context of quantum mechanics 
theory approach 



35 



36|. 



y, 



as well as in the quantum field 



We consider the noncommutative plane with a thin solenoid perpendicular to it. The coordinates 
rr* satisfy the commutation relation in Eq. ([T]) with 9''^ = 9e^\ e^^ being the Levi-Civita symbol, 
normalized according to e^^ = 1. A magnetic field is supposed to exist only inside the solenoid, 
which can^be derived from a potential that has been already calculated in the noncommutative 
case in 



33| 



$ 1 



+ • 



(3) 



where the dots stand for terms of higher order in the noncommutative parameter 9, or <I>, the 
magnetic flux through the plane. In this work we use natural units, so that c = h = 1, and our 
spacetime metric is rj^'^ = diag(l, —1, —1). The Dirac equation that describes relativistic spin 1/2 
particles in the AB potential in the NC case is. 



- ieA^) -m]*ijj = 



(4) 



involving the Moyal product defined by Eq. ([2]). Since a theory with two-component spinors in 
three dimensions violates parity, we have to choose to work with either spin s = +1/2 or s = —1/2 
particles; in this work, we focus on the s = +1/2 case, but our results hold for both choices 
of the spin. The Dirac matrices, in this case, are given in terms of the usual Pauli matrices as 



(7^,7^,7^) = (c3, zcr2), and one can readily rewrite Eq. ^ as, 



= [-il^l^di + m7°) V - e f 7°7^^fc + 



(5) 



from which follows the Hamiltonian H = Hq + H\^t, where 



(6) 



and 



'27r r2 



int 



$2 



ie ^' 7'-'7-? 



SvrV^ 2 27r r 



2 



9, + ie 



(7) 



27r r4 

up to order 9. From now on, we also disregard terms of order so that in our calculations i/int 
reduces to 



int 



'27r r2 



ze- 



■5, 



5,- 



(8) 



27r r4 2 27r r2 \ 

The Hamiltonian in Eq. ([8]) is very singular at the origin. In order to avoid divergences in 
the intermediate calculations we regularize the interaction Hamiltonian introducing a parameter A 
such that, 



i^int = lim i^int.A 



where Hi^t^x is given by, 



2tt r 



2X 



le- 



(9) 



(10) 



'2vr r2A+2 "J 2 2^ r2A 

For A < 1, the regularized Hamiltonian ifint.A does not give rise to any divergence. After all 
integrations are performed, we will investigate whether the "physical" limit A — > 1 can be taken. 
In the Born approximation, one obtains for the scattering amplitude of this problem the expression 

AEf-Ei) 



27r 



lim / (fxe^^'-^u\k')H;^t,xu{k)e-^''-^, 

A — > 1 



(11) 



if the limit exists. Here, u{k) is the solution of the free Dirac equation. 



u{k) 



'2E 



Ak-x 



27r 



(12) 



^JE + m 
VE-m{-i)e'^ 

The problem with such a procedure is that we find a divergence when removing the regularization, 
after performing the space integral in Eq. (|11|) . One possible solution to this problem, which we 



will follow in this work, is to adopt a different perturbation scheme. Suppose that we can split 



-ffint.A = -f^int A + ^int \ ^uch that we Can find the explicit eigenfunctions Va^^ of Hq + H^^^ y 
this case, a Born-like approximation leads to 



r(l) 



In 



lim 

A 



(1) 



hm r^^\ 

A^l -^^'^ 



i lim 

A-^l 



(13) 



where is the transition amplitude from ip^^}^ to V'/^l- ^ clever choice of Hq + H^^^ we will 
show that the aforementioned difficulty does not appear, and the A ^ 1 limit in Eq. can be 
safely performed. 

A natural choice for Hq + H^^^ is the total Hamiltonian of the commutative Aharonov-Bohm 



case, 



-^7^7 d£ + m-f^ + e- 5 



(14) 



(notice that we omitted the A dependence in H^^^ since this Hamiltonian does not induce sin 



gularities, hence we 
elsewhere 



381, 



391, 



40 



ust take A — > 1 for this term once and for all). As it has been discussed 



41 



42 



43l |. the Hamiltonian ()14p has an infinite number of self-adjoint exten- 



sions, depending on the boundary conditions imposed at the origin. Studying the Aharonov-Bohm 
problem as a limit of certain radially symmetric magnetic configurations, two solutions are singled 
out. They are characterized by the fact that only the upper (lower) component of the spinor has 
a singularity at the origin, and they correspond to systems that are identical except for the sign of 
the magnetic flux 39|. Here, we choose to work with eigenfunctions whose upper components are 



regular at the origin. Other self-adjoint extensions can in principle be similarly treated. 

The solution of the commutative Aharonov-Bohm problem that we will use can be cast as [43l | , 



V'S(r) 



1 



- me"^e{£ - a) J|f-a|+e(f-Q)(fc'^) 



(15) 



where 



(16) 



a = e^>/27r, (17) 

^ is the angle between the incident flux of particles with momentum k and the xi axis^ e(x) = 1 
for X > and e(x) = — 1 for x < 0, and J„ are Bessel's functions of the first kind Unless 
for the s-wave, which for small r behaves as r~", all other terms in the sum (|15p vanish at the 



origin, so one might guess that is a good candidate to be used in Eq. (fT3]) . As we shah 

prove, the s-wave singularity is not harmful insofar the regularization is removed after integration. 
This choice of ip^'^^ will be effective in controlling the small-r singularities of the Hamiltonian in 
Eq. ()10p . Clearly, in our case, the part of the interaction Hamiltonian to be treated perturbatively 
is the one containing the noncommutativity parameter 9, 



H 



(2) 



int,A 



dj + ie 



(18) 



To simplify, we choose ^ = 0, so that the incident flux is parallel to the negative xi axis. In this 
situation, Eq. (fT5|) can be cast as 



Fi(r, v?) 



(19) 



where 



F,{r,^)=e''^J\e-a\{kr) 



m 



{2tt)V2E 



(20) 



and 



F2(r, ^) = e^(^+i)^e(£ - a) J|,_„|+,(,_„)(A;r) 



m 



(27r)V2^ 



(21) 



The product {'^t^^)^H^^^^ip^f!'^ is written as 



Fi{r, ^) 



' 2r2A J.2X+2 '^3 I ^ 



(22) 



where b = ^/2tt. Hereafter, all hatted quantities refer to the final state of the scattering. Using 
the explicit expressions in Eqs. (pOj) and ([2T|) . one can write, 

1 7°7^' 



2 ^2A+l 



(23) 



in terms of the M and N matrices, given as follows. 



M 



(2tt)2E 



(24) 



and 



N = 



where the prime denotes derivation with respect to the argument of the Bessel functions. 
After using the exphcit form for the 7 matrices, one arrives at 

e<l> k 



(25) 



(47r)3 2E 



£ + 1 



-^|£_«|+,(£„«)(A;r)J|^_„|(/cr) 



2\ ■^\i-o\+e{i-a) (^'^) 



^2A |^"-a| 



(26) 



where 93 = + fi, 17 being the scattering angle. The result in Eq. (|26|) can be used in Eq. p3|) to 
calculate the correction induced by the noncommutativity to the AB scattering amplitude, 



7^(2) 



-zlim| (V'gl^tjvSl 
-Him / dtSx 4!i(^"')<'t,AV'S(0 exp [i(i?/ - E^^t\ 



(27) 



where. 



f{2) 
J ft 



n27r 



r(2) ./,{!)/ 



(28) 



Using conservation of energy we can integrate in ip, thus obtaining, 

„ k 



f(2) 



2(47r2) 2E A 



limJ^IQp 



+ 



^^^-^^J\l-a\{kr)J\i_a\+^(^l-a){kr) 



k k 



k 



2r 



2A- 



k 



The r integrals can be performed using the analytical continuation of the formula 
Mkr)J^{kr) _ 2-''k^-^T{a)T{^{fi + u-a + l)) 



(29) 



dr ■ 



(30) 



10 r'^ r{^{fi-u + a + l))r{l{n + u + a + l))T{l-fi + i^ + a+l) 

originally valid for Re (fi + u + l) > Re (a) > [44]. At this point, it becomes clear what failed when 
we used a perturbation theory around solutions of the free Dirac equation: working out explicitly 
the expression in Eq. (jlip . one finds a factor similar to Eq. (j29p . but with Bessel functions of 
integer order \l\ and \i\ + e(^). Due to the asymptotic behavior of Bessel functions near the origin, 
Ja{x) ~ 2;", we cannot avoid the poles of the integral in Eq. ()30l) for certain when A ^ 1. On 
the other hand, when the perturbation is performed starting with the solutions of the commutative 
Aharonov-Bohm problem the fact that < a < 1 ensures that the order of the Bessel functions in 
Eq. (I29p is never an integer and, in this way, by analytical continuation we avoid the poles of the 
r— integral. 

It is convenient to separate the sum in i in Eq. (I29p in two parts, that with £ < and that with 
£ > 1, denoted respectively by /j. ^ and /j-^^- Using Eq. (f30ll . their result is. 



and 



A-) 

hi 



A+) 

Jfi 



k 



Eka (fc -r c ' j 
^^,„ J A{i-a){i-a + l) 



(31) 



e<I> k 



2(47r2)2^^ A{e-a){e-a + l) ' 



(32) 



so that, remembering that we are in a case where a <^ 1, 



f^ ^ / '^2(47r2) 2E ^ 

^ ' £=-oo 



4(£-a)(£-a + l) 



(33) 



The dominant terms in the sum in Eq. (jSSp are those for £ = and 
separate these terms from the rest of the sum as follows, 



-1. It is convenient to 



r(2) 



2 2(47r2) 2E \ {I - a)[l - a + 1) 



^ ^ £(^ + 1) ^ ^ 

3,-1 ^ ^ 



which, after some rearrangements can be cast as 



(34) 



p(2) 



2 '^(^^"^^^2(4vr2)i? 



a + i sin O + a cos Q + 



ia sin O 



4za sin(^r2) 

£=2 



1 



4(4^ 



(5(£;/ - £'j) — < 27riasinr2 + 
E 



a 



1 + e*^ - 2i In ( 2 sin ^ 



(35) 



(it is necessary to remember that a is small to reorganize the sums and obtain the exact result in 
Eq. ([35])). 

Finally, one can use the result in Eq. (f35|) . together with the one in Eq. (fT3]l . to obtain the 
transition probability as follows. 



7^(1) ^T(2)^t 



(36) 



Since we are considering a small flux limit, the "unperturbed" amplitude Tj- = j j can 

itself be calculated in a Born approximation, thus obtaining for the differential cross section of a 
spin one-half particle in the noncommutative AB potential 

1 



da 



1 / a \2 1 
2^\2e) TJe 



sin2(0/2) 



Ok^ cos\Vt/2) 



5{Ek - Et) kdk . 



(37) 



The expression in Eq. (j37p is the usual (commutative) Aharonov-Bohm differential cross-section, 
corrected by a ^ dependent contribution arising from the noncommutativity, which we calculated 
to the first order in the small parameter 0. This correction, integrated over energies, reads 



therefore the modification induced by the noncommutativity to the commutative cross-section is 

H'^) = ^- (39) 

This correction vanishes in the — > hmit so that no singularities are generated in taking the 
commutative hmit. 



Phenomenolo gica 



(lOTev)- 



33 



45 



bounds hmit the noncommutativity parameter 9 to be at the most of order 



461 ] . Looking at Eq. (I37p , it becomes clear that the effects of noncommutativity 
are negligible except for particles of extremely high energy. 

In this work we studied the corrections to the scattering of relativistic spin 1/2 particles induced 
by the noncommutativity of spacetime, in the small flux approximation. We adopted a distorted 
Born approximation to calculate the transition amplitudes, considering the 6 dependent part of 
the potential as a perturbation over the exact solution of a spin 1/2 particle in a commutative AB 
potential. In this way, we avoided singularities due to the behavior of the noncommutative potential 
near the origin, and we were able to calculate the corrections induced by the noncommutativity 
to the differential and total cross sections. No singularities are found by taking ^ — > 0, so that 
the commutative limit of this model is regular. It is interesting to contrast this behavior from 
the one in a quantum field theory context 



36( 1 . When considering a Dirac fermion coupled to 
the noncommutative Chern-Simons field, an appropriately adjusted Pauli term is need to avoid 
infrared singularities that are generated from the so-called UV/IR mixing At the level of 
approximation we are working with, for the case of a fermion minimally coupled to the AB potential, 
no singularities were found in the commutative limit. 
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